Let O K be the ring of integers of an imaginary quadratic number field K. In this paper we give a new description of the maximal discrete extension of the group SL 2 (O K ) inside SL 2 (C), which uses generalized Atkin-Lehner involutions. Moreover we find a natural characterization of this group in SO(1, 3).
its maximal discrete extension in SL 2 (C) according to [3] , chap. 7.4. If α 1 , . . . , α n denotes the O K -module generated by α 1 , . . . , α n and √ · stands for an arbitrary (fixed) branch of the square root, we obtain a description of Γ * K from [3] , chap. 7.4.
Proposition. For the imaginary quadratic number field K, one has
The main aim of this note ist to give an alternative description of Γ * K in terms of generalized Atkin-Lehner involutions, which are more familiar in the theory of modular forms, as well as a characterization of Γ * K inside the orthogonal group SO(1, 3).
A straightforward verification shows that the coset
is independent of the particular choice of u and v, hence well-defined by d. Moreover one has for squarefree divisors d and
Hence V d can be viewed as a generalization of the Atkin-Lehner involution (cf. [1] , sect. 2). Theorem 1. For the imaginary quadratic number field K, the group Γ * K admits the description
Proof. Denote the right-hand side by G. Given M, N ∈ Γ K and squarefree divisors d, e (2) and (4). Moreover (3) and (2) imply
Therefore G is a group, which contains Γ K = Γ K V 1 . As Γ K is a discrete subgroup of SL 2 (C), this is also true for G. Thus we have G ⊆ Γ * K as well as
As this is the main result we sketch a direct proof. Start with a matrix M in a discrete subgroup G of SL 2 (C) containing Γ K . We conclude that M ∈ rO 2×2 K for some r ∈ R, r > 0, just as in [3] , chap. 
shows.
We want to give a natural characterization of the groups above in SO(1, 3). Therefore we consider the 4-dimensional R-vector space
of Hermitian 2 × 2 matrices over C. Then
is a quadratic form on V of signature (1, 3) . Let SO(V, q) denote the attached special orthogonal group. Moreover let SO 0 (V, q) stand for the connected component of the identity element. It can be characterized by the fact that it maps the cone of positive definite matrices in V onto itself. More precisely one has SO 0 (V, q) = {ϕ ∈ SO(V, q); trace ϕ(E) > 0}, E = 1 0 0 1 .
From [5] , §4, sect. 14, we quote the Lemma. The mapping
is a surjective homomorphism of groups with kernel {±E}.
Now we consider the situation over the rational numbers Q. Let V K := V ∩ K 2×2 denote the associated Q-vector space of dimension 4 and
Corollary 1. For the imaginary quadratic number field K, one has
Proof. "⊆" This is obvious due to the Lemma. "⊇" Start with M = α β γ δ ∈ SL 2 (C) such that φ M ∈ Σ K in accordance with the Lemma. Assume α = 0, because we may replace M by M J,
Thus we obtain α ∈
of integral Hermitian matrices and the group of lattice automorphisms in SO 0 (V, q)
Thus we get a very natural description of Γ * K in this context.
Theorem 2.
For the imaginary quadratic number field K, one has
Proof. "⊆" This is a consequence of the Lemma and Theorem 1, because
Now it is easy to characterize Γ K as the so-called discriminant kernel. For this purpose consider the dual lattice
Hence we may define
Corollary 2. For the imaginary quadratic number field K, one has φ(Γ K ) = Σ K .
Proof. For M ∈ Γ K it is easy to verify that φ M ∈ Σ K . If d | d K is squarefree, a simple calculation yields
Thus φ M ∈ Σ K , M ∈ Γ * K , holds if and only if M ∈ Γ K , due to the Lemma in combination with Theorem 1. instead of Γ K (cf. [7] , sect. 6) and moreover in the case of the paramodular group of degree 2 (cf. [4] , [6] ).
